Abstract. Puzzles and games have been used for centuries to nurture problem-solving skills. Although often presented as isolated brainteasers, the desire to know how to win makes games ideal examples for teaching algorithmic problem solving. With this in mind, this paper explores one-person solitaire-like games.
Introduction
There are two concepts that are basic to all algorithms that process input values using some sort of iterative scheme: invariants and making progress. Although in principle making progress can involve quite complicated theories on well-founded relations, in practice the concept is easy for students to grasp. On the other hand, students are often given misleading information about invariants; they are often taught that invariants are (only) needed for post-hoc verification of program correctness and very difficult to formulate. In reality, a good understanding of invariants is crucial to successful algorithm design.
For the last seven years, the module Algorithmic Problem Solving has been taught to first-year Computer Science students at the University of Nottingham.
The module aims to introduce students to effective problem-solving techniques, particularly in the context of solving problems that demand an algorithmic solution; the first technique that is presented is the use of invariants. At a later stage, two-person games are studied in some depth; games are inherently algorithmic in nature (after all, the goal is to win, which means formulating some sort of algorithm) and require little motivation.
There are many puzzles and games in the mathematical literature which have been used for centuries to nurture problem-solving ability. Many are presented as isolated brain-teasers but, for our pedagogical purposes, it is important that they have two qualities. First, any problem that is studied must have a substantial number of variations which can be used to test students' understanding and, second, the solution method should demonstrate effective algorithmic problemsolving rather than being ad hoc or magic.
Recently, we have been studying one-person solitaire-like games in order to try to extract useful examples for study in the module. In this paper, we present our findings so far, including an infinite class of challenging games that we have invented based on insights from type theory.
We begin the paper in section 2 with a brief summary of well-known properties of the game of solitaire. These properties are derived using the algebra of polynomials in a suitably chosen semiring; it is this algebra that is the basis for the novel applications that we discuss in later sections.
Section 3 is about a class of tiling problems. In section 3.1, we show how Golomb's [1] use of colours to solve one such problem is formulated algebraically. (Our solution is simpler than the algebraic formulation proposed by Mackinnon [2] .) The solution to the class of tiling problems is discussed in section 3.2.
The so-called "nuclear pennies" game [3] is an example of a game which, until now, has been of isolated interest. The game is based on the theorem attributed to Lawvere that "seven trees are one". That is, if T is the type of binary trees, the type T 7 (the Cartesian product of T with itself 7 times) is isomorphic to T . The game involves moving a checker 6 places to the right on a one-dimensional tape (from position 1 to position 7 ) following rules that reflect the recursive definition of binary trees. In section 4, we formulate an infinite collection of games, each with different rules, where the goal is to move a checker a certain number of positions from its starting position on a onedimensional tape. So far as we are aware, these games and their solution are original to this paper. The games were derived from our study of the problem: given a number n , invent an interesting type T such that T n is isomorphic to T [4].
Solitaire and Variations
Solitaire is a well-known game. The game begins with a number of pegs stuck in holes in a board. The holes are arranged in a grid, the shape of which is not relevant to the current discussion. A move, shown diagrammatically in fig. 1, 
